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Abstract
In the numerical modelling of cascaded mid-infrared (IR) su-
percontinuum generation (SCG) we have studied how an en-
semble of spectrally and temporally distributed solitons from
the long-wavelength part of an SC evolves and interacts when
coupled into the normal dispersion regime of a highly nonlin-
ear chalcogenide fiber. This has revealed a novel fundamental
phenomenon – the generation of a temporally and spectrally
delocalized high energy rogue wave in the normal dispersion
regime in the form of a strongly self-phase-modulation (SPM)
broadened pulse. Along the local SPM shape the rogue wave is
localized both temporally and spectrally. We demonstrate that
this novel form of rogue wave is generated by inter-pulse Ra-
man amplification between the SPM lobes of the many pulses
causing the initially most delayed pulse to swallow the energy
of all the other pulses. We further demonstrate that this novel
type of rogue wave generation is a key effect in efficient long-
wavelength mid-IR SCG based on the cascading of SC spectra
and demonstrate how the mid-IR SC spectrum can be shaped
by manipulating the rogue wave.
1 Introduction
Ever since the discovery of temporally and/or spatially local-
ized solitons and their particle-like behavior [1], their interac-
tion has been the subject of intense research in physics and ap-
plied mathematics [2]. The outcome of soliton collisions has
been shown to be highly dependent on the relative phase and
amplitude of the two solitons, where in-phase solitons attract
each other and out-of-phase solitons repel each other [3]. In
physical systems described by an integrable model, solitons
have the beautiful property that they are able to collide and
pass through each other without changing their shape or en-
ergy [4], an effect that is often used as the definition of inte-
grability of a nonlinear dynamical model, such as the nonlinear
Schrödinger (NLS) equation describing optical fibers and a vast
range of other nonlinear optical systems [5]. Non-integrable
perturbations from effects, such as higher-order dispersion or
Raman scattering, will drastically change the soliton collision
properties by allowing energy transfer between solitons [6].
This might not seem so drastical at first if one considers only
one collision between two solitons, but if one considers the out-
come of a series of collisions between a large number of differ-
ent solitons under the influence of a perturbation that leads to
an on average preferential energy transfer, e.g., from low am-
plitude to high amplitude solitons, then the outcome can be an
extremely localized soliton with an extremely high amplitude,
also known as a rogue wave [7, 8].
Rogue waves appear in two fundamentally different forms:
One type appears out-of-nowhere and disappears just as fast,
such as the both spatially and temporally localized Peregrine
soliton solution of the NLS equation, which locally at the point
of maximum compression has an intensity 9 times higher than
the background [9]. Here we focus on the second type of rogue
wave that is the result of many collisions [7], which has a rela-
tively long life time, making them also biologically relevant in
for example DNA denaturation [8].
One particularly useful testing gronud for the study and obser-
vation of rogue waves has for a long time been supercontin-
uum generation (SCG) in optical fibers pumped in the anoma-
lous dispersion regime with long pulses. The first work in 1989
of Islam et al. [7] (here termed narrow, high-intensity solitons)
dates back to before the work in 1993-95 on biological rogue
waves by Peyrard et al. [10, 8] (here termed large amplitude
breathers or high-energy localized vibrational modes). In this
case SCG is initiated by modulational instability (MI) grow-
ing from noise in frequency bands symmetrically displaced by
Ωm ≈ (2γP0/|β2|)1/2 from the pump frequency and break-
ing up the pump pulse into a number of solitons over an MI
gain length of 1/(γP0), where P0, is the pump peak power, γ
is the fiber nonlinearity, and β2 is the group-velocity dispersion
[11]. The pulse duration of the generated solitons is roughly
pi/Ωm, and thus both the pulse length of the solitons and the
distance over which they are generated depend on the pump
peak power. The result will be a distributed spectrum of dif-
ferent solitons, since the high peak power in the center gener-
ates short solitons early in the fiber, while the low peak power
wings will generate longer solitons after a longer propagation
distance, as demonstrated by Islam et al. [7].
The rather controlled generation of a distributed soliton spec-
trum though MI is very important for the generation of rogue
waves. The other important mechanism is Raman scattering,
which represents a perturbation to the integrable NLS equa-
tion that leads to two key effects: (1) intra-pulse stimulated Ra-
man scattering (SRS) casusing a continuous red-shift of a soli-
ton, also known as the soliton self-frequency shift (SSFS), which
scales inversely with pulse duration [12] and (2) a preferential
transfer of energy from low- to high-amplitude solitons in a
collision, mediated by the phase-insensitive inter-pulse SRS as
demonstrated by Luan et al. in 2006 [13]. Since solitons of dif-
ferent pulse durations red-shift by different rates due to SSFS,
a distributed spectrum will inevitably lead to collisions of soli-
tons that are different. For increasing pulse energy SCG will
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involve the generation of an increasing number of solitons, and
thus the number of collisions will also increase. The Kerr ef-
fect will lead to an energy transfer that depends sensitively on
the relative phase and amplitude of the colliding solitons, but
inter-pulse SRS adds to this with a preferential transfer of en-
ergy from the most blue-shifted to the most red-shifted soliton,
which is typically also the largest due to SSFS [13]. This means
that potentially a rare event could occur, in which the condi-
tions are just right for one soliton to gain energy from many
collisions and thereby obtain a very high amplitude and narrow
width. Due to the Raman-induced SSFS in optical fibers, these
high-amplitude short solitons would red-shift strongly and in-
evitably be located in the most red part of the SC spectrum. This
was already observed numerically by Islam et al. in 1989, who
also experimentally proved that different red parts of the spec-
trum were indeed not present in all pulses [7]. In 2006 Frosz
et al. numerically investigated CW-pumped SCG and demon-
strated also the generation of a very short and high-amplitude
soliton with a huge red-shift [14]. This set the stage for the work
of Solli et al., who in 2007 measured the L-shaped statistics of
these rare high-energy waves for the first time and gave them
the name optical rogue waves, in analogy with oceanic rogue
waves [15]. It was later demonstrated that in fact the Raman ef-
fect is not necessary to generate optical rogue waves, even just
3rd order dispersion provides a sufficient non-integrable per-
turbation to provide on-average preferential energy transfer in
soliton collisions and generate rogue waves [16]. Since then the
field of optical rogue waves has become an important and very
rich scientific field with strong parallels to oceanography and
hydrodynamics because of the common dynamical model – the
NLS equation [17].
So far, fiber-optical rogue waves have only been demonstrated
as highly localized high peak power solitons existing in the
anomalous dispersion region because of the self-focusing non-
linearity of the fibers. In other words, they are strongly linked
to the initial generation of a distributed spectrum of localized
solitons, which requires either MI (of long pump pulses) or soli-
ton fission (of short pump pulses). In fact also the spatially
(along the direction of propagation) and temporally localized
Peregrine rogue wave requires anomalous dispersion [9].
Here we demonstrate the first high-energy rogue wave, which is gen-
erated in the normal dispersion region, where no solitons exist, and
which is both temporally and spectrally delocalized. This normal dis-
persion rogue wave takes the shape of a very high energy self-phase
modulation (SPM) wave.
We observe the generation of the novel SPM rogue wave in the
numerical modelling of cascaded mid-infrared (mid-IR) SCG
in which a large ensemble of spectrally and temporally dis-
tributed solitons from the long-wavelength part of an SC gen-
erated in one fiber (here a ZBLAN fiber) is coupled into the nor-
mal dispersion regime of another fiber (here a highly nonlinear
chalcogenide fiber). We demonstrate that the SPM rogue wave
is generated by inter-pulse Raman amplification between the
SPM lobes of the many pulses, causing the initially most de-
layed pulse to gradually swallow the energy of all the other
SPM broadened pulses as they begin to overlap temporally due
to dispersion, while also being within the Raman gain band (ex-
tending to about 10 THz in the chalcogenide fiber).
Cascaded SCG is currently one of the most promising routes for
a practical and high brightness light source covering the impor-
tant mid-IR spectral region from 2 − 12µm, with applications
including: Chemical detection [18], tissue microspectroscopy
[19, 20], and optical coherence tomography [21]. We consider
the specific cascaded mid-IR SC laser shown in Fig. 1. and
Fig. 1. Illustration of the full fiber cascade. The numbers above
each fiber output is the long wavelength edge of the supercon-
tinuum. The focus of this article is on the spectral evolution in
the ZBLAN and As2Se3 fibers.
demonstrate that the SPM rogue wave generation is a key ef-
fect in efficient long-wavelength mid-IR SCG based on the cas-
cading of SC spectra. Thereby, we demonstrate how the mid-IR
SC spectrum can be shaped by manipulating the SPM rogue
wave. In particular, we demonstrate that the SPM rogue wave
and the left over parts of the other SPM lobes together act as a
spectrally localized collective structure (here about 500-800 nm
broad) whose center wavelength is slowly red-shifting towards
the zero-dispersion wavelength (ZDW) through the inter-pulse
Raman amplification between the SPM lobes, finally stopping
at a certain distance before the ZDW where the dispersion is
so weak that effectively no further temporal overlap is possi-
ble. This slowly red-shifting collective structure was recently
reported in a Master’s project [22] and in a similar study of cas-
caded mid-IR SCG by coupling a ZBLAN fiber SC into a chalco-
genide fiber with normal dispersion [23]. In [23] the authors
explain the red-shift as being due to intra-pulse Raman scat-
tering, but here our detailed investigations, based on series of
spectrograms, clarifies that the slow red-shift is actually due to
collective inter-pulse Raman amplification and the generation
of an SPM rogue wave.
2 The numerical model and fiber parameters
To model the fiber cascade shown in Fig. 1 the propagation of
the pulse envelope of a single scalar mode G(t, z) (or G˜(Ω, z)
in the frequency domain) is simulated through the generalized
NLS equation (GNLSE)
∂
∂z
[
exp (iβeff(Ω,ΩP,Ω0)z)
∗] G˜(Ω, z)
= iγ(Ω)K(Ω,Ω0) exp (iβeff(Ω,ΩP,Ω0)z)
∗
F
{
HF−1
[
R˜(Ω)F
[
H∗H
]]} (1)
as introduced in [24], where F{...} and F−1{...} are the Fourier
transform and its inverse, respectively, superscript ∗ is the com-
plex conjugate, and
K(Ω,Ω0) =
[
Aeff(Ω0)
Aeff(Ω)
] 1
4
H = H(t, z) = F−1 [G˜(Ω, z)K(Ω,Ω0)] (2)
The introduction of K(Ω,Ω0) treats mode profile dispersion,
as described in [25]. The effective propagation constant βeff =
βeff(Ω,Ωp,Ω0) is defined as
βeff(Ω,Ωp,Ω0) ≡ β(Ω)− β0(Ω0)− β1(Ωp)[Ω−Ω0] (3)
where the propagation constant β(Ω) is related to the effective
index by β(Ω) = Ωneff(Ω)/c. As such the full frequency de-
pendant propagation constant is used, where the evaluation of
2
the inverse group velocity β1(Ωp) at the pump frequency, ΩP,
ensures that the pump wavelength is stationary in the time do-
main. Ω is the physical frequency, and Ω0 is the center of the
frequency grid. Thus, the pulse envelope G˜(Ω, z) is related to
the real pulse envelope A˜(Ω, z), used by e.g Agrawal [11], by a
simple phaseshift as G˜(Ω, z) = exp(iβeffz)A˜(Ω, z).
In Fig. 2 the attenuation and dispersion D = − λc ∂
2neff
∂λ2
of the
Fig. 2. Dispersion and loss profiles of the ZBLAN and As2Se3
fibers. The dispersion of the ZBLAN fiber was reported in [26].
The dispersion of the As2Se3 fiber has been obtained in COM-
SOL with the core index given in [27]. The loss of the ZBLAN
fiber was measured in-house and the loss of the As2Se3 fiber
was measured by the manufacturer IRflex, and is given in [28].
ZBLAN and As2Se3 fibers are shown. The ZBLAN fiber has
two ZDWs at approximately 1.5µm and 4.2µm, with an anoma-
lous dispersion regime in between them, allowing soliton prop-
agation. The As2Se3 fiber has only one ZDW at approximately
6µm, which means that the output of the ZBLAN fiber will be
coupled into the normal dispersion regime. The background
loss of the As2Se3 fiber is orders of magnitude higher than that
of the ZBLAN fiber, guidance is however allowed much fur-
ther into the mid-IR, and the nonlinearity is much higher. The
frequency dependent nonlinear parameter γ(Ω) is given by
γ(Ω) =
n2n20Ω
cne f f (Ω)2 Aeff(Ω0)
(4)
where n0 is the refractive index at Ω0, and n2 is the nonlinear
refractive index. The usual definition of the effective area is
used:
Aeff(Ω) =
(∫ ∫ |E(Ω, x, y)|2dxdy)2∫ ∫ |E(Ω, x, y)|4dxdy (5)
In this implementation the transverse fields E(Ω, x, y) have
been normalized such that the unit of the envelope in the time
domain is
√
W. Finally, the nonlinear response function of the
material is given by
R˜(Ω) = 1− fR + fRh˜r(Ω) (6)
where the term 1− fR is the instantaneous Kerr response, h˜r(Ω)
is the delayed Raman response function, and fR is the fractional
Raman contribution. The Raman reponse functions are shown
in Fig. 3 and the key fiber parameters are given in Table 1.
In all our simulations we use Nt = 219 grid points, a tempo-
ral resolution of dt = 1.5fs, and a central angular frequency of
Ω0 = 2pi · 350 · 1012rad · s−1. The narrowest solitons observed
are approximately 20 fs, which means the temporal resolution
Fig. 3. The Raman gain for silica, ZBLAN, and As2Se3. The
silica gain has been obtained from [11], ZBLAN from [29], and
As2Se3 from [30]. Notice that the silica and ZBLAN gain are
multiplied by 100.
fiber a
[µm]
NA n2 · 1020
[m2/W]
fR Manufacturer
ZBLAN 3.5 0.265 2.1 0.0969 FiberLabs
As2Se3 6 0.76 1500 0.0103 IRflex
Table 1. Constant fiber parameters in the simulations, where a
is the fiber core radius and NA is the numerical aperture.
should be adequate. This gives a wavelength range that spans
from 438.7nm to 17989nm. We use a variable step-size con-
troller, based on an embedded fourth and fifth order Runge-
Kutta stepper. Due to the high nonlinear refractive index of
As2Se3, proper convergence necessitates step-sizes as small as
0.1µm.
In all the presented figures illustrating the evolution of the
power spectral density (PSD) as a function of propagation dis-
tance z a running spectral average has been applied with a step-
size of 3nm, and a bandwidth of 15nm. All spectrograms are
calculated using a Hamming window with a width of 150fs.
3 Cascaded supercontinuum generation
In the following we focus on the As2Se3 fiber stage of the cas-
caded SC source shown in Fig. 1. The input to the As2Se3
fiber is the output of the ZBLAN fiber, which is obtained by
propagating noise seeded Gaussian shaped 40ps pulses from a
directly modulated 1560nm seed diode through a 5m long Er-
doped silica fiber amplifier (EDFA), followed by a 1.5m long
Tm-doped fiber amplifier (TDFA), similar to the one described
in [26], and finally the 7m long ZBLAN fiber. During amplifi-
cation in the EDFA, the input pulse undergoes MI and breaks
up into a number of solitons to generate an in-amplifier SC
[31, 32], resulting in an SC with a spectral edge around 2.3µm
and 800mW of average power at 1MHz repetition rate. In the
TDFA the spectral edge is extended to 2.8µm before being cou-
pled into the 7m ZBLAN fiber to generate the ensemble aver-
aged output spectrum shown in the top of Fig. 4 (averaged over
10 noise seeds), which reaches 4.5µm and has 220mW average
power at 1MHz repetition rate. Essentially, we now consider
how 10 different versions of the single shot (one noise seed)
ZBLAN output spectrogram shown in Fig. 5(a) evolve in the
As2Se3 fiber. All detailed parameters of all fibers and amplifiers
not given here can be found in the supplementary material (see
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also [22]).
The result of propagating the full output of the ZBLAN fiber
Fig. 4. Bottom: Spectral evolution in the As2Se3 fiber of the
full ZBLAN fiber output of a single noise seed. Top: Input and
output spectra taken as an average of 10 noise seeds.
in 2.5m As2Se3 fiber is shown in Fig. 4, with the input and
output spectra shown above. The spectrum was averaged over
an ensemble of 10 noise seeds, with both one-photon-per-mode
noise and 1 % relative intensity noise. A part of the power is
seen to immediately shift across the ZDW at 6µm out to about
12µm, but as the pulse propagates along the fiber, the mid-IR
power above 6µm attenuates rather quickly again. However,
an about 500-800nm broad localized excitation carrying a ma-
jor part of the power is seen to slowly red-shift from ∼ 3µm
to ∼ 5µm, while also pushing power across the ZDW and far
into the mid-IR. This red-shifting collective excitation was also
recently observed in [22, 23]. The main peak in the spectrum
ends up approximately at 5µm after 1.2m of propagation. As a
result the mid-IR power above 6µm peaks after 2m of propaga-
tion. At the output, the spectrum reaches 11µm and at 1MHz
repetition rate the total power is 77mW with 12mW above the
ZDW at 6µm.
Understanding the physics behind the slowly red-shifting high
PSD localized structure is the focus of this article. Using de-
tailed spectrograms we will show that it is due to a collective
effect of inter-pulse Raman amplification between a large num-
ber of pulses undergoing SPM, which finally leads to the gen-
eration of a novel type of high-energy SPM rogue wave.
In Fig. 5 we show spectrograms of the power distribution
|G(z, t)|2 = |A(z, t)|2 of the ZBLAN fiber output and how it
looks after having propagated 0.6m and 1.2m in the As2Se3
fiber. At the ZBLAN fiber output, seen in Fig. 5(a), a large num-
ber of solitons have been created in the anomalous dispersion
regime between the ZDWs at 1.5µm and 4.2µm (dashed black
lines), while in the normal dispersion regimes dispersive waves
have been generated by the solitons, giving a spectrum extend-
ing from 1µm to about 4.5µm. The inset shows a close up of
the area marked by the red dashed rectangle, in which several
intense and distinct solitons are clearly visible. In the follow-
ing section the three numbered solitons 1-3 will be investigated
separately to clearly illustrate the fundamental physics behind
the observed spectral evolution. The pulse parameters of the
three solitons (amplitude fitted to a sech profile) are given in
Table 2. After 0.6m a considerable amount of power has been
moved above the ZDW in the As2Se3 fiber, but the bulk of the
Fig. 5. (a) Spectrogram of the ZBLAN fiber output with a
zoom on the red dashed region with solitons 1-3. The horizon-
tal dashed lines indicate the ZDWs of the ZBLAN fiber with
anomalous dispersion in between them. (b-c) show spectro-
grams after 0.6m (b) and 1.2m (c) of propagation in the As2Se3
fiber with zooms on the SPM rogue wave. The limits to the
color axis in all plots (insets) is between the minimum (10% of
the maximum) and maximum at z = 0.
energy is now concentrated in a narrow band around 4µm as
also clearly visible in Fig. 4. Several temporally elongated SPM
profiles are visible and from the inset it is clear that the most
delayed SPM profile has much higher PSD than the others. Af-
ter 1.2m the localized band has red-shifted to an even narrower
band closer to the ZDW at approximately 5µm, as also seen in
Fig. 4. Less SPM profiles are now visible and the most delayed
is still the one with the highest PSD. A new type of rogue wave
with an SPM shape appears to have been formed To further in-
vestigate this behaviour, we now focus on the interaction of the
three solitons marked in Fig. 5(a).
4 Inter-pulse Raman amplification and the SPM
rogue wave
The spectral evolution of only the three solitons selected from
the ZBLAN output spectrum [see Fig. 5(a)] is shown in Fig.
6. From now on we refer to them as pulses when discussing
their evolution inside the As2Se3 fiber. Initially, very strong
spectral broadening due to SPM happens almost immediately
due to the extremely high nonlinearity of the fiber, which shifts
energy across the ZDW at 6µm, just as in the evolution of the
full spectrum with hundreds of solitons in Fig. 4. Even with
only these 3 pulses starting relatively far apart a localized high
PSD structure again becomes visible at around 0.3m and con-
tinuously red-shifts towards the ZDW. The localized structure
is marked SRS, but at this point we have not shown whether it
is inter-pulse or intra-pulse SRS that generates it. The fact that
the structure appears later than for the full spectrum with many
4
#P0
[kW]
TFWHM
[fs]
λ0
[µm]
γ
[1/(Wm)]
β2
[ps2/m]
zOWB
[mm]
1 42.8 50 2.55 0.58 523 1.3
2 78.6 30 2.72 0.54 476 0.6
3 44.2 90 2.68 0.55 487 2.5
Table 2. Parameters for solitons 1-3 marked in Fig. 5(a): Peak
power P0, temporal Full Width Half Max TFWHM (measured in
power), center wavelength λ0, group velocity dispersion β2,
fiber nonlinearity γ, and OWB distance zOWB calculated from
the analytical formula given in [33], all evaluated at λ0.
Fig. 6. Spectral evolution of solitons 1-3 to z=0.7m with input
and output spectra. The evolving localized structure is marked
by SRS.
more temporally much closer solitons seems to indicate that it
is an inter-pulse interaction effect.
To look even closer into the dynamics we use spectrograms. In
Fig. 7 we focus on the initial dynamics out to z=2cm, where
the 3 pulses evolve individually without significant overlap. In
Fig. 7(b) we see the clear signature of initial SPM for all pulses
at z=0.2mm. As expected SPM happens faster for pulse 2 be-
cause it has the highest peak power (see Table 2). At z=2mm
dispersion has started to shift the SPM sidelobes temporally,
and optical wave breaking (OWB) has started to set in for pulse
1 and 2, initially at the tails where the dispersion is the highest.
At z=1cm pulse 2 has spectrally broadened to the ZDW and
started to push energy across the ZDW, while pulse 3 now also
clearly is undergoing OWB. At z=2cm pulse 2 has shed off what
appears as a soliton in the anomalous dispersion regime above
the ZDW and left is now in the normal dispersion regime three
elongated SPM pulses still without overlap.
In Fig. 8 we focus on the normal dispersion region and the evo-
lution between z=20cm and z=60cm, in which the SPM pulses
begin to overlap enough due to dispersion to start interacting
through SRS. The interaction will be through inter-pulse Raman
amplification, which will be effective for frequency separations
up to approximately 10THz and strongest at about 7THz, as
shown in Fig. 3. In the spectrograms we mark the 10THz sep-
aration with a black indicator at the wavelength where it first
connects two SPM lobes to show when the SPM lobes can trans-
fer power between each other and when not.
In Fig. 8(a) for z=20cm we see that the tail of pulse 2 now can
Fig. 7. Spectrograms showing the initial evolution of soli-
tons 1-3 at selected distances out to z=2cm in the As2Se3 fiber.
Dashed lines indicate the ZDW and insets show a magnified
image of soliton 2. The colors are not to scale between the im-
ages, but have been chosen to give clear individual contrast.
transfer energy to the most delayed pulse 3 at wavelength be-
low approximately 2.8µm, while energy can be transferred from
pulse 1 to 2 at wavelengths below 2.7µm. This is illustrated by
the 10THz Raman indicator on pulse 2 (pulse 1) exactly reach-
ing pulse 3 (pulse 2) at 2.8µm (2.7µm). The energy transfer be-
tween the SPM lobes is clearly visible in Fig. 8(b) for z=28cm,
where the trailing edge of pulse 2 below 2.3µm (delayed more
than 35ps) has now been completely swallowed by pulse 3.
The cut-off wavelength for energy transfer from pulse 2 (pulse
1) to pulse 3 (pulse 2) has now increased to 3.0µm (2.8µm),
as marked by the 10THz Raman indicators. In Fig. 8(c) for
z=36cm pulse 2 has now been completely swallowed by pulse
3 at wavelength shorter 2.8µm (delayed more than about 18ps).
The Raman indicator between pulse 1 and 3 further shows that
5
Fig. 8. Spectrograms at selected distances between z=20cm
and 60cm in the As2Se3 fiber, where the SPM pulses start to
interact and generate an SPM rogue wave. The dashed lines
indicate the ZDW. The colors are not to scale between the im-
ages, but have been chosen to give clear individual contrast.
The small black indicators mark the 10THz Raman gain band-
width. The spectrograms (e) and (f) are the same, except that
Raman interaction was turned off in (f), by setting fR = 0.
The lower limit on the coloraxis in (f) is set to 10% of max, to
illustrate the individual pulse tails more clearly.
pulse 3 now also can swallow energy directly from pulse 1 at
wavelengths below 2.6µm. In Figs. 8(d-e) for z=54cm and 70cm
the most delayed pulse 3 is swallowing more and more energy
from the other two and at 70cm both pulse 1 and 2 have dis-
appeared at wavelengths below 3.5µm, leaving pulse 3 almost
alone as a high energy SPM rogue wave containing more than
89% of the total energy, where it initially contained 47% of the
energy. No further noticeable energy transfer is expected be-
cause of the weak dispersion close to the ZDW, which will pre-
vent further temporal overlap between the pulses.
The SPM rogue wave is clearly being generated through inter-
Fig. 9. Bottom: Spectral evolution of 10 copies of soliton 3 at
2.68µm initially separated by 20ps over 1.5m in the As2Se3
fiber without loss. Top: Spectrogram at z=1m. The red line
indicates the maximum of the PSD. More than 55% of the total
energy is in the trailing pulse at this point.
pulse Raman amplification. To demonstrate the dominant role
of SRS we turn off the Raman effect, by setting fR = 0, and re-
peat the simulation out to z=70cm. The result is shown in Fig.
8(f), for a direct comparison with Fig. 8(e) with the Raman ef-
fect present. Without the Raman effect the three SPM pulses
are seen to not transfer energy between each other, but be com-
pletely intact despite a strong temporal overlap and no SPM
rogue wave is generated. The full spectral evolution over 1.5m
with the Raman effect turned of is given in the supplementary
Fig. S5, which confirms the absence of a collective localized
SRC structure when the Raman effect is absent.
When the Raman effect is turned off by setting fR=0 obviously
both inter-pulse and intra-pulse SRS are turned off. In the sup-
plementary Fig. S6 we therefore show the spectral evolution of
a single soliton 3 over 0.7m with the Raman term present and
in the available movie we show the evolution of the spectral-
temporal structure as spectrograms. Both clearly demonstrate
no noticeable intra-pulse SRS, confirming that the high energy
SPM rogue wave is generated by inter-pulse Raman amplifica-
tion.
The demonstration of the generation of the high energy SPM
rogue wave was performed with 3 different solitons 1-3 from
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an actual SC appearing in actual realized cascaded mid-IR SCG,
in which the rogue wave started as the most delayed soliton,
which in this case also had the highest energy already at the in-
put. To even more beautifully demonstrate the generation we
simulated the evolution of 10 identical copies of soliton 3 sep-
arated by 20ps and set the fiber loss to zero in order to avoid
spectral signatures originating for example from loss peaks.
The spectral evolution over 1.5m in the lossless As2Se3 fiber
shown in Fig. 9 now even more clearly demonstrates the ex-
citation and slow red-shift of the localized SRS structure. More
importantly, the SPM rogue wave is still generated as seen in
the spectrogram at 1m in Fig. 9, where it has swallowed most
of the energy of the other 9 pulses and now contains over 55%
of the total energy, where it initially had only 10% of the en-
ergy. The full spectrogram series of this lossless 10-soliton case
is shown in Figs. S8-S10 in the supplementary material.
5 Manipulating the localized SRS structure
Fig. 10. Bottom: Comparison of the dynamics in 3 As2Se3
fibers with different ZDW of approximately 6µm (original
fiber, NA=0.76, core radius=a=6µm), 5.5µm (NA increased
to 1 by reduced cladding index), and 5.1µm (NA=1 and re-
duced a=4µm), respectively. Top: Dispersion of the 3 fibers
with zoom around the ZDWs to see the slope.
Our modelling has clearly shown that the red-shifting local-
ized SRS structure is due to inter-pulse SRS, by which energy
is transferred between SPM pulses towards the most delayed
pulse (the SPM rogue wave), and that it is mediated by disper-
sion continuously causing spectrally longer and longer wave-
length parts of the trailing edge of an SPM lobe to begin to
overlap with the neighbouring slightly more delayed and red-
shifted SPM lobe. This energy transfer between the SPM lobes
is also what creates the localized SRS structure and makes it
red-shift. If the dispersion is very weak there will be no new
energy transfer, since all spectral components travel at the same
speed.
We thus anticipate that the red-shift of the localized SRS stuc-
ture will stop close to the ZDW when the dispersion becomes
too weak, and not be able to cross the ZDW. We further antici-
pate that the bigger the slope of the dispersion at the ZDW (β3)
is the closer to the ZDW the localized SRS structure can come
and the narrower it will be spectrally when it stops. This is ex-
actly what we observe in Fig. 10, where we propagate the out-
put spectrum of the ZBLAN fiber shown in Fig. 5(a) in 1m of
the original As2Se3 fiber (a) with ZDW=6.0µm and in 1m of two
other As2Se3 fibers with increasingly smaller ZDW of (b) 5.5µm
(With increased NA=1 by decreasing the cladding index) and
(c) 5.1µm (NA=1 and decreased core radius a=4µm). The local-
ized structure never crosses the ZDW. In addition the localized
structure comes closest to the ZDW in fiber (b) with the largest
dispersion slope at the ZDW of β3=2.4ps3/km, where fibers (a)
and (c) have β3=2.1ps3/km and β3=1.9ps3/km, respectively.
The ZDW and the slope of the dispersion at the ZDW can thus
be used to control and manipulate the SPM rogue wave gen-
eration process and the center wavelength and bandwidth of
the high PSD localized SRC structure. For example, if a strong
signal is required at 7µm for an imaging system similar to the
one reported in [19], it would be beneficial to increase the ZDW
to approximately 8µm, by for example choosing a fiber with
a = 6µm, and NA= 0.56.
6 Conclusion
We have through rigorous numerical modelling demonstrated
a novel fundamental physical phenomenon – the generation of
high energy optical SPM rogue waves in the normal dispersion
regime in the form of a strongly SPM broadened pulse contain-
ing most of the energy originally spread out over many pulses.
Along the local SPM shape the rogue wave is localized both
temporally and spectrally, but seen as a whole entity it is both
temporally and spectrally delocalized. This is in sharp contrast
to the well-known optical rogue waves being generated in the
anomalous dispersion regime where solitons and MI exist, tak-
ing either the form of the temporally localized high peak power
fundamental bright solitons or the both spatially and tempo-
rally localized Peregine soliton. We have demonstrated that
this SPM rogue wave is naturally generated from an ensem-
ble of originally separated input pulses that undergo spectral
broadening through SPM and temporal broadening through
dispersion to temporally overlap and transfer energy between
each other through inter-pulse SRS. The inter-pulse SRS trans-
fers energy from one SPM lobe to the neighbouring slightly red-
shifted and delayed SPM lobe, so that most of the energy finally
becomes localized in the most delayed SPM-shaped pulse - the
SPM rogue wave.
Technically we have demonstrated the generality of the SPM
rogue wave by generating it from different ensembles of pulses
and, in particular, by showing how it is naturally appearing in
fiber-based cascaded SCG in which the distributed soliton spec-
trum of an SC generated in the anomalous dispersion regime of
one fiber is coupled into the normal dispersion regime of a sub-
sequent fiber. Cascaded SCG is the most promising technique
behind the future table-top and low-cost mid-IR fiber-based SC
sources, which are spatially coherent and have a brightness
two orders of magnitude higher than synchrotrons [34]. Un-
derstanding and being able to control and manipulate the SPM
rogue wave is therefore not just of fundamental but also ad-
vanced technical importance. We have shown how the SPM
rogue wave generation can be seen spectrally as a localized col-
lective high PSD structure that slowly red-shifts due to the en-
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ergy transfer by inter-pulse SRS, until finally being stopped by
the ZDW. We have demonstrated how the SPM rogue wave and
this localized high PSD structure can be manipulated through
the dispersion to tailor the spectrum of a mid-IR SC source to-
wards applications in for example imaging and spectroscopy.
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Supplementary document
7 fiber parameters
To allow reproduction we here present the necessary fiber parameters for the entire cascade. In the following we use Si:Er for the
initial stage in the fiber cascade, which is an Erbium/Ytterbium doped silica fiber, and Si:Tm for the second stage, which is a Thulium
doped silica fiber. The constant fiber parameters for the two fiber amplifiers are given in table S1
The effective index can be derived from the fiber parameters given in Table 1 of the manuscript, using either analytical results for
fiber a
[µm]
NA n2 · 1020
[m2/W]
fR
Si:Er 6 0.2 3.2 0.18
Si:Tm 5 0.22 4.23 0.13
Table S1. Constant fiber parameters for the silica gain fibers. where a is the fiber core radius and NA is the numerical aperture. In a
SEM analysis conducted in [S1], it was found that the core of the Thulium doped silica fiber amplifier contains large amounts of Ge.
This is the reason why n2 and fR differ between the two fiber amplifiers.
step-index fibers, or numerical tools, like FEM analysis. The dispersion of both the ZBLAN and the As2Se3 fibers are shown in Figure
2, in the main document.
The effective area can be derived using the same tools. However, as the effective areas used in the simulations are not included in the
main document, we will show them here.
Fig. S1. Left: Effective area of the Si:Er fiber. Right: Effective area of the Si:Tm fiber. These figures are also presented in [S1].
A parametrisation of the silica loss curve is given in [S2] for both of the fiber amplifiers. The parametrisation is given by:
αdB/m(λ) =
ARay
λ4
+ Aip + Auv exp
(
λuv
λ
)
+ Air exp
(−λir
λ
)
α1/m =
ln(10)
10
αdB/m
(7)
Where
ARay = 1.3× 10−3 dBµm
4
m
Aip = 10−3
dB
m
Auv = 10−6
dB
m
Air = 6× 108 dBm
λuv = 4.67µm λir = 47.8µm
(8)
For the Si:Er fiber the gain cross-section is found in [S3]. The gain cross section for the Si:Tm fiber is given in [S4], except that the
high wavelength gain is given in [S3], the sum of these two curves is the reason for the kink seen around 2100nm. The gain curves
have been rescaled by an average (along the length of the fiber) excited dopant concentration, such that the output spectra of the
simulations of the fiber amplifiers matched experimentally measured data as well as possible. As such a constant gain is used in the
fibers, which is obviously a hard assumption.
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Fig. S2. Left: Effective area of the ZBLAN fiber. Right: Effective area of the As2Se3 fiber. This figure is also presented in [S1].
Fig. S3. The used loss curve for the two silica fiber amplifiers. These figures are also presented in [S1].
Fig. S4. left: Gain curve for the Si:Er fiber. Right: Gain curve for the Si:Tm fiber. These figures are also presented in [S1].
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8 Three solitons with Raman interaction turned off
A simulation where the Raman effect was turned off ( fR = 0) was run, to clearly show which effects are due to Raman, and which
are purely Kerr interaction.
Fig. S5. The spectral dynamics of the three test solitons, with the Raman effect turned off ( fR = 0). The dynamics are similar to
the dynamics in figure 6, except that the SRS structure, seen in figure 6, is lacking. This further confirms that the Raman effect is the
cause of the red-shift.
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9 Simulation with a single input soliton
To underline that the red-shift is indeed a collective effect, we show the dynamics of a single soliton (soliton "3"), in figure S6.
Fig. S6. Bottom) The spectral evolution of a single input soliton (soliton "3"). Initially, the dynamics are the same as for 10 input
solitons. However, no continuous red-shift is seen in the normal dispersion region. Top) The input spectrum, and the spectrum af-
ter 0.7 meters.
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10 Ten similar solitons, with no loss
As an additional illustrative example of SRS we present the dynamics of 10 spectrally identical solitons, at λ0 = 2.68µm initially
shifted by 20ps, in figure S7. This is the same simulation as shown in Figure 9 in the main document, but here we show it in more
detail. The fiber parameters are all the same as the ones used in the main paper. The spectral dynamics are very similar to the test
example of soliton "1,2 and 3", except for that the SRS structure is seen more clearly. In the following we will show spectrograms
breaking down both the temporal and spectral dynamics of the 10 solitons.
Fig. S7. The spectral dynamics of 10 identical solitons (soliton "3"), without loss, and initially temporally shifted by 20ps. The at-
tained spectral width in this case is narrower, as soliton "3" has lower peak power than soliton "2".
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Fig. S8. The initial dynamics shown in spectrograms. The red line in the plots is where the maximum PSD is found. In the bottom
two plots only two of the pulses are shown in order to clearly illustrate optical wave breaking. In the bottom-most plot the pulse
centres are almost depleted, and the main PSD is localised in two new bands.
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Fig. S9. The onset of SRS shown in spectrograms. The red line in the plots is where the maximum PSD is found. At 0.5m the disper-
sion has not yet ensured the needed overlap for SRS. At 0.6m the red-shift has initiated. This is mostly observable from the deple-
tion of the tail of leading pulse, and from the fact that the maximum PSD is now found at a longer wavelength. At 0.7m the trailing
pulse has absorbed most of the short wavelength tail of the neighbouring pulse.
16
Fig. S10. The evolution of SRS shown in spectrograms. The red line in the plots is where the maximum PSD is found. The maxi-
mum PSD is continuously shifted towards longer wavelengths. At 0.9m the vacuum noise floor has gained on the pulses, giving a
much more noisy spectrogram. This is further enhanced at 1m. It is important to, once again, note that loss was not included in this
simulation. As such the extent of the noise is exaggerated.
17
References
[S1] Rasmus E. Hansen. Cascaded mid-infrared supercontinuum lasers. Technical University of Denmark MSc Thesis, january
2020.
[S2] Peter M. Moselund. Long-pulse Supercontinuum Light Sources. PhD thesis, Technical University of Denmark, 2009.
[S3] Michel J.F. Digonnet. Rare-Earth-Doped Fiber Lasers and Amplifiers, Revised and Expanded. Elsevier Science, 2007.
[S4] Pavel Peterka, Ivan Kasik, Anirban Dhar, Bernard Dussardier, and Wilfried Blanc. Theoretical modeling of fiber laser at 810
nm based on thulium-doped silica fibers with enhanced 3h4 level lifetime. Opt. Express, 19(3):2773–2781, Jan 2011.
18
